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An open question of fundamental importance in quantum thermodynamics is how to describe the
statistics of work for the initial state with quantum coherence. In this paper, work statistics is con-
sidered from a fully new perspective of “wave-particle” duality. Based on the generalized quantum
work measurement, predictability of energy levels DW and effectiveness of coherence VW are defined,
and they obey inequality D2W + V
2
W ≤ 1, which is the fundamental tradeoff relations between the
contributions of population and coherence to quantum work distribution. As an application, we
consider a driven two-level system and discuss the condition of the bound of above tradeoff relation.
These results shed light on the effects of quantum coherence in quantum thermodynamics.
I. INTRODUCTION
Motivated by recent experimental progress in fabrica-
tion and manipulation of micro and nanoscale objects
[1–3], there is an urgent need of a theoretical founda-
tion of what thermodynamics quantity means in quan-
tum mechanics and how to extend the principles of ther-
modynamics to the quantum domain. In the quantum
regime, it is very hard to define work because it is not an
observable [4]. Traditionally, quantum work is defined
as the difference of the energies obtained by two-point
measurement scheme (TPM): performing two projective
energy measurements at the beginning and the end of ex-
ternal protocol. Based on TPM, the extension of classical
fluctuation theorems [5–12] to the quantum regime is ob-
tained [4, 12–23], see reviews [22, 23] for detail discussion,
and these fluctuation theorems have been experimentally
verified in various systems [24–30]. However, if the sys-
tem is initially in the superposition of some energy levels,
quantum coherence will be completely destroyed by the
first measurement, and the work fluctuation relation is
not “quantum” to some extent. It should be noted that
due to the destruction of quantum coherence, the first
law of thermodynamics can not be satisfied.
In order to include the effects of the initial quantum co-
herence, projective measurement was replaced by Gaus-
sian measurement [21, 31, 32], and a modified Jarzyn-
ski equality was obtained [21]. Besides two-measurement
scheme, some single-measurement schemes were proposed
[33–37]. Some of these results satisfy the first law of ther-
modynamics but can not recover fluctuation theorems in
thermal equilibrium limit [33–35], and the others can si-
multaneously satisfy the first law of thermodynamics and
fluctuation theorems, but negative probability appears
[36–38]. Other efforts based on Bohmian framework [39],
autonomous framework [40, 41], quantum feedback con-
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trol [42], etc., for including the effects of quantum coher-
ence have also been made, and also fluctuation theorems
can not be recovered. Recently, Llobet et al. proved that
for the initial state with quantum coherence, the first law
of thermodynamics and fluctuation theorem can not be
simultaneously satisfied [43]. Understanding the inter-
play between the contributions of population and quan-
tum coherence to work statistics is a pressing problem in
quantum thermodynamics.
Population manifests which-level information, and co-
herence can give rise to some interference effects. This re-
minds us “wave-particle” duality [44] which describes the
uncertainty relation between interference pattern and ac-
quisition of which-way information, and has been widely
investigated in many aspects [45–52]. In this paper, we
consider work distribution from the “wave-particle” du-
ality perspective, and aim at giving a quantitative funda-
mental relation between the contributions of population
and coherence to quantum work distribution.
This paper is organized as follows: In next section we
discuss the duality in quantum work distribution. As
an application we consider a driven two-level system in
Sec. III. Finally, Sec. IV closes the paper with some
concluding remarks.
II. DUALITY IN QUANTUM WORK
Consider a closed quantum system described by a
Hamiltonian Hˆs(λt) that depends on an externally con-
trolled parameter λt changed from λ0 to λt′ . The
Hamiltonian has a spectral decomposition Hˆs(λt) =∑
nE
t
n|Etn〉〈Etn|. Externally controlled evolution of the
system is described by a unitary operator Us(t
′) ≡←−
T exp {−i ∫ t′
0
Hˆs(λt)dt} (←−T is the time ordering oper-
ator). Traditionally, work done by external control pro-
tocol is determined by TPM: At the beginning, the first
projective measurement onto the eigenbasis of the ini-
tial Hamiltonian Hˆs(λ0) is performed; then, the sys-
tem evolves under unitary dynamics Us(t
′) generated by
protocol λ0 → λt′ ; finally, the second projective mea-
surement onto the eigenbasis of the final Hamiltonian
2Hˆs(λt′ ) is performed. One should prepare many copies
of the system with the same state ρ, and then per-
form TPM for each copy. For each trial, one may ob-
tain E0n for the first measurement outcome followed by
Et
′
m for the second measurement, and the correspond-
ing probability is P 0nP
t′
m|n, where P
0
n = 〈E0n|ρ|E0n〉 and
P t
′
m|n = |〈Et
′
m|Us(t′)|E0n〉|2. The trajectory work is de-
fined asW = Et
′
m−E0n and whose probability distribution
is P (W ) =
∑
mn P
0
nP
t′
m|nδ(W − (Et
′
m − E0n)). However,
the destruction of quantum coherence (if it exists) is the
main drawback of TPM, which makes the application
of TPM to investigate the effects of quantum coherence
impossible. To investigate the contribution of quantum
coherence to work statistics is the task of the present
paper.
In this paper, we adopt a positive operator-valued mea-
sure (POVM) to estimate work statistics. A POVM is a
set of non-negative Hermitian operators {MW }, which
satisfy
∫ MWdW = I with I being the identity matrix.
Each possible value of workW is associated with an oper-
atorMW . The probability to obtainW can be calculated
through the generalized Born rule:
P(W ) = Tr[MWρ]. (1)
The element of POVM MW depends on the process,
Π = (Hˆs(λ0), Hˆs(λt′ ), Us(t
′)), but in order to be a
universal scheme it must be independent of the initial
state ρ [43]. For the POVM measurement, the post-
measurement state of the system is of little interest,
which is very different from TPM, wherein the system
state collapses to the eigenbasis of Hˆs(λ0) and Hˆs(λt′)
after the first and the second projective measurements.
For the traditional TPM, the corresponding element of
POVM isMW =∑mn P t′m|n|E0n〉〈E0n|δ(W − (Et′m−E0n)).
In the eigenbasis of the initial Hamiltonian Hˆs(λ0), an
arbitrary initial state of the system can be expressed as
ρ =
∑
ij
ρij |E0i 〉〈E0j | (2)
with ρij ≡ 〈E0i |ρ|E0j 〉. In fact, diagonal element ρii is the
probability of obtaining E0i by the first measurement in
TPM, i.e, ρii = P
0
i . In this paper, we divide the initial
state ρ into two parts:
ρ = ρin + ρc (3)
where
ρin =
∑
i
ρii|E0i 〉〈E0i | (4)
is the incoherent part and
ρc =
∑
i
∑
j 6=i
ρij |E0i 〉〈E0j | (5)
is the coherent part. Accordingly, quantum work distri-
bution (1) can be divided into two parts:
P(W ) = Pin(W ) + Pc(W ), (6)
where
Pin(W ) ≡ Tr[MW ρin] =
∑
i
ρii〈E0i |MW |E0i 〉 (7)
and
Pc(W ) ≡ Tr[MWρc] =
∑
i
∑
j 6=i
ρij〈E0i |MW |E0j 〉 (8)
are respectively the incoherent work distribution and
the coherent work distribution we named. In fact,
〈E0i |MW |E0i 〉 is quantum work distribution when the sys-
tem initially stays at a definite energy level |E0i 〉, i.e.,
Pi(W ) = 〈E0i |MW |E0i 〉. (9)
Physically, ρin and ρc are essentially the population and
the coherence of the energy levels of the system before ex-
ternal protocol. Thus incoherent and coherent work dis-
tributions Pin(W ) and Pc(W ) record the information of
population and coherence before external protocol. Now
we would ask how much information of population and
coherence can be manifested by quantum work distribu-
tion, or how much information of population and coher-
ence contributes to quantum work distribution.
The “wave-particle” duality describes the exclusion of
interference pattern and the acquisition of which-way in-
formation [44]. Now we consider quantum work distribu-
tion P(W ) from the “wave-particle” duality perspective.
In this perspective, energy levels can be considered as the
“particle” like nature and their coherence can be consid-
ered as the “wave” like nature. Because quantum work
distribution records the information of population and
coherence, quantum work can behave both the “particle”
like nature and the “wave” like nature, called “trajectory-
coherence” duality. Just like the double slit experiment:
If only a single slit is open, i.e., the trajectory of parti-
cle is known, interference fringes can not be observed on
screen; if two slits are both open, i.e., the trajectory of
particle is unknown, interference fringes can be observed
on screen. So, the information of population and the in-
formation of coherence can not be simultaneously mani-
fested by quantum work distribution. Then it is nature to
ask how to quantitatively describe this incompatibility?
In order to quantify the contribution of population, we
define the predictability of energy levels as
DW = 1
2(d− 1)
∑
mn
∫
dW
∣∣∣ρmmPm(W )− ρnnPn(W )
∣∣∣,
(10)
where, d is the dimension of the density matrix of the sys-
tem. DW quantifies the distinguishability of energy lev-
els, i.e., the amount of which-level information available
3by quantum work distribution. According to |A − B| ≤
|A|+ |B|, it can be proved that
DW ≤ 1. (11)
If DW = 1, Pm(W ) = 0 or Pn(W ) = 0, which means
that there is no overlap between two quantum work dis-
tributions of Pm(W ) and Pn(W ), and energy levels can
be completely distinguished by quantum work distribu-
tion. If, on the other hand, DW = 0, Pm(W ) = Pn(W )
for any work value W , so that energy levels cannot be
distinguished at all.
We also define the effectiveness of quantum coherence
to quantify the contribution of quantum coherence:
VW = 1
d− 1
∫
dW
∣∣∣Pc(W )
∣∣∣. (12)
Because |∑ ·| ≤ ∑ | · |, |Pc(W )| ≤∑
n
∑
m 6=n |ρmn||〈E0n|MW |E0m〉|. According to the non-
negativity of MW , i.e., 〈E0n|MW |E0m〉〈E0m|MW |E0n〉 ≤
〈E0m|MW |E0m〉〈E0n|MW |E0n〉, we can prove that
VW ≤ C
d− 1 (13)
with C ≡∑n,m 6=n |ρmn| being the degree of quantum co-
herence [53]. If the initial state ρ is maximally coherent,
C =∑n,m 6=n |ρmn| =∑n,m 6=n(ρmm + ρnn)/2 = d− 1, so
VW ≤ 1. (14)
Given an initial state ρ, we can choose a proper work
measurement MW to maximize VW . If VW is maxi-
mized, i.e., VW = C/(d − 1), quantum coherence will be
completely manifested. In order to further understand
the physical meaning of VW , we introduce the trace dis-
tance D(P(W ),Pin(W )) ≡
∫
dW |P(W ) − Pin(W )|/2 =∫
dW |Pc(W )|/2. The effectiveness of quantum coher-
ence VW is essentially equivalent to this trace distance,
i.e., VW = 2D(P(W ),Pin(W ))/(d − 1). In other words,
the contribution of quantum coherence is manifested by
the trace distance between quantum work distribution
P(W ) and incoherent work distribution Pin(W ). If VW
is maximized, D(P(W ),Pin(W )) = C/2, quantum co-
herence of ρ can be completely acquired by the trace
distance D(P(W ),Pin(W )). On the contrary, if VW = 0,
D(P(W )|Pin(W )) = 0, for example P(W ) and Pin(W )
are the same in TPM, the quantum coherence of ρ can
not be observed at all through quantum work distribu-
tion.
The exclusion between energy level predictability and
quantum coherence effectiveness implies the central re-
sult of this paper that the predictability DW and the
effectiveness of coherence VW obey the inequality
D2W + V2W ≤ 1, (15)
which is a fundamental quantitative statement about du-
ality in the quantum work distribution. In particular, the
extreme situations characterized by perfect effectiveness
of coherence or full which-level information are mutually
exclusive.
Now we give the proof of the central results of
this paper Eq. (15). According to the defini-
tion of integral
∫
f(W )dW =
∑
i f(Wi)∆W , the
predictability of levels can be written as DW =∑
i
∑
n,m 6=n |ρmmPm(Wi)∆W − ρnnPn(Wi)∆W |/[2(d −
1)] =
∑
i
∑
n,m 6=n vimn[1 − |uimn|2]1/2/(d − 1) with
vimn = [ρmmPm(Wi)∆W + ρnnPn(Wi)∆W ]/2 and
|uimn| = [ρmmPm(Wi)∆WρnnPn(Wi)∆W ]1/2/vimn.
For simplicity, we rewrite
∑
i
∑
n,m 6=n as
∑
k, where
k takes all the possibilities of the set of {i, n,m 6= n}.
In this simple case, DW =
∑
k vk[1 − |uk|2]1/2/(d − 1).
It can be seen that vk ≥ 0,
∑
k vk ≤ 1
and |uk| ≤ 1. The effectiveness of coherence
VW =
∑
i
∑
n,m 6=n |ρmn(0)MWinm∆W |/(d − 1) ≤∑
i
∑
n,m 6=n[ρmmρnnPm(Wi)∆WPn(Wi)∆W ]1/2/(d −
1) =
∑
k vk|uk|/(d − 1). (d − 1)2[D2W + V2W ] ≤∑
kk′ vkvk′ [(1 − |uk|2)1/2(1 − |uk′ |2)1/2 + |ukuk′ |].
Because |uk| ≤ 1, [· · · ] ≤ 1 holds for the square
brackets in the above inequality [44], therefore
(d − 1)2[D2W + V2W ] ≤
∑
kk′ vkvk′ = (d − 1)2, i.e.,D2W + V2W ≤ 1.
III. AN EXAMPLE: DRIVEN TWO-LEVEL
SYSTEM
As an application, in this section we consider a two-
level system driven by a time dependent field and inves-
tigate the duality from its work distribution. Our main
aim is to further understand the physical meaning of DW
and VW and give the conditions of the bound of funda-
mental inequality (15) by this simple model. As shown
in the following, this is an instructive discussion because
it gives some general results that is independent of the
model. The Hamiltonian of driven two-level system is
H(τ) = ω0σz + g sinωτσx, (16)
where σz = |2〉〈2| − |1〉〈1| and σx = |2〉〈1| + |1〉〈2| are
Pauli operators. ω0 is the frequency of the system, ω
and g are the frequency and the strength of driving. In
this paper we consider g as the energy scale, i.e., g = 1.
The transient eigenvalues of Hamiltonian (16) are
ετ1 = −
√
ω2
0
+ sin2 ωτ, ετ2 =
√
ω2
0
+ sin2 ωτ (17)
and the corresponding eigenvectors are
|ετ1〉 =
1√
(ω0 − ετ1)2 + sin2 ωτ
[
(ω0 − ετ1)|1〉 − sinωτ |2〉
]
|ετ2〉 =
1√
(ω0 + ετ2)
2 + sin2 ωτ
[
(ω0 + ε
τ
2)|2〉+ sinωτ |1〉
]
(18)
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Fig. 1. (Color online) DW (black solid), VW (olive dashed) and D
2
W + V
2
W (red dashed dotted) as a function of σ for (a)
θ = pi/16, (b) θ = pi/8 and (c) θ = pi/4. The energy level predictability and the quantum coherence effectiveness of initial state
are D = cos 2θ and V = sin 2θ respectively, which are plotted by using green short dashed and magenta dashed dotted dotted
lines. For panel (b), D and V are coincide with each other. For all the panels, ω0 = 0.01, ω = ω0 and t = 100.
respectively.
To define the work of driving governed by U(t) =←−
T exp[
∫ t
0
−iH(τ)dτ ], we need to know the initial and the
final system energies. Traditionally, energy is obtained by
TPM in which quantum coherence is destroyed. In order
to include the effects of quantum coherence, we adopt
the minimally disturbing energy measurement: The en-
ergy measurements at the beginning and the end of ex-
ternal protocol are performed by Gaussian superpositions
of projective measurements of energy eigenstates, which
can be expressed as [21]
MEτ =
2∑
n=1
1
(2piσ2)1/4
exp
{
− (ε
τ
n − Eτ )2
4σ2
}
|ετn〉〈ετn|,
(19)
where σ is the measurement error. Work is defined as
the difference between the final and initial energies, i.e.,
W = Et − E0, whose distribution is
P(W ) =
∫
dE0
∫
dEtδ[W −(Et−E0)]P (Et, E0), (20)
where
P (Et, E0) = Tr
[
MEtU(t)ME0ρ(0)M
†
E0U
†(t)M †Et
]
(21)
is the joint probability of getting Et and E0. In this
minimally disturbing energy measurement scheme, the
POVM operator is
M
W =
∫
dE0
∫
dEtδ[W−(Et−E0)]M†
E0
U†(t)M2EtU(t)ME0 .
(22)
The system is initially prepared in the superposition of
energy levels, i.e., ρ = |Ψ〉〈Ψ| with |Ψ〉 = sin θ|2〉 +
cos θ|1〉.
According to Eq. (10), the predictability of levels is
DW =
∫
dW
∣∣∣ cos2 θ∣∣〈εt1|U(t)|1〉∣∣2N (W |εt1 + ω0, σ˜)
+ cos2 θ
∣∣〈εt2|U(t)|1〉∣∣2N (W |εt2 + ω0, σ˜)
− sin2 θ∣∣〈εt1|U(t)|2〉∣∣2N (W |εt1 − ω0, σ˜)
− sin2 θ∣∣〈εt
2
|U(t)|2〉∣∣2N (W |εt
2
− ω0, σ˜)
∣∣∣,
(23)
where N (W |µ, σ˜) ≡ exp{−(W − µ)2/(2σ˜2)}/(√2piσ˜) is
the normal distribution of W with µ being the average
value and σ˜ =
√
2σ being the variance. In Fig. 1 we
depict DW (black solid curves) as a function of measure-
ment error σ for different states at fixed time. For the
projective measurement σ = 0, DW = 1, in this case,
energy levels before external driving can be completely
distinguished by quantum work distribution. As σ in-
creases, DW is rapidly reduced to D ≡ |ρ11 − ρ22| =
cos 2θ (see the green short dashed line in Fig. 1) be-
ing the energy level predictability of initial state. It
is worth stressing that, the work measurement scheme
we consider improves the predictability of energy lev-
els, i.e., DW ≥ D. Even if energy levels are degen-
erate, i.e., ω0 = 0, the predictability of levels after
work measurement is DW =
∫
dW{∣∣ cos2 θ|〈εt
1
|U(t)|1〉|2−
sin2 θ|〈εt
1
|U(t)|2〉|2∣∣N (W |εt
1
, σ˜) +
∣∣ cos2 θ|〈εt
2
|U(t)|1〉|2 −
sin2 θ|〈εt
2
|U(t)|2〉|2∣∣N (W |εt
2
, σ˜)} ≥ 0, which means that
the original indistinguishable energy levels can be dis-
tinguished by work distribution after measurement.
For a special driving process that |〈εt
1
|U(t)|1〉|2 =
|〈εt2|U(t)|2〉|2 = 1 (or |〈εt2|U(t)|1〉|2 = |〈εt1|U(t)|2〉|2 = 1),
the predictability of levels DW can be further reduced to
DW =
∫
dW | cos2 θN (W |εt1, σ˜) − sin2 θN (W |εt2, σ˜)| (or
DW =
∫
dW | cos2 θN (W |εt2, σ˜) − sin2 θN (W |εt1, σ˜)|). In
this case, if σ˜ ≪ |εt
1
− εt
2
|, DW → 1 and the original
indistinguishable energy levels can be completely distin-
guished by work distribution.
According to Eq. (12), the effectiveness of quantum
coherence is
VW = 2C˜
∣∣∣Re[〈εt1|U(t)|1〉〈2|U †(t)|εt1〉]
∣∣∣erf( εt
2σ
)
, (24)
where C˜ = Ce−ω20/σ˜2 is the survived quantum coherence
after the first measurement with C ≡ Tr|ρc| = | sin 2θ|
being the degree of quantum coherence before the first
measurement and e−ω
2
0
/σ˜2 quantifying the degree of the
reduction of quantum coherence after the first measure-
ment. If ω0 = 0, i.e., the energy levels of the system
before driving are degenerate, quantum coherence can
not be destroyed. In other words, quantum coherence
5between the degenerate levels, i.e., the internal coher-
ence [54] can not be destroyed by the first measurement.
If ω0 6= 0, i.e., energy levels are non-degenerate, quan-
tum coherence (external coherence [54]) is inevitably re-
duced by the first measurement, but the reduction of
quantum coherence can be suppressed by measurement
error σ. The lager the error, the less the reduction of
quantum coherence, if σ → ∞, C˜ → C. However on
the contrary, the manifestation of quantum coherence
quantified by |Re[〈εt1|U(t)|1〉〈2|U †(t)|εt1〉]|erf( ε
t
2σ ) is lim-
ited by measurement error σ (see erf( ε
t
2σ )). If σ → 0,
erf[εt/(2σ)] ≈ 1, the survived quantum coherence (if it
exists) can be completely manifested. On the other hand,
if σ → ∞, erf[εt/(2σ)] ≈ 0, there is no quantum coher-
ence can be manifested by quantum work distribution.
The tradeoff between the destruction and the manifesta-
tion of quantum coherence implies that there is an op-
timal measurement error that maximizes the effective-
ness of quantum coherence. In Fig. 1 we depict VW
(olive dashed curves) as a function of measurement er-
ror σ for different states at fixed time. It can be seen
that when measurement error σ → 0 (i.e., projective en-
ergy measurement), the effectiveness of quantum coher-
ence VW = 0. As σ increases, VW firstly increases to its
maximum value, the quantum coherence effectiveness of
initial state V = C = | sin 2θ| (see the magenta dashed
dotted dotted line in Fig. 1) and then reduces to 0. Only
for the maximally coherent state |Ψ〉 = (|2〉 ± |1〉)/√2
(θ = pi/4), the inequality VW ≤ 1 can be saturated (see
Fig. 1(c)).
Comparing DW and VW in Fig. 1 we can see that when
DW is maximized, VW is minimized and vice versa. This
mutually exclusive behaviors of DW and VW further il-
lustrate the fundamental tradeoff relation D2W + V2W ≤ 1
shown in Eq. (15). In Fig. 1, we also depict D2W + V2W
(red dashed dotted curves) as a function of measurement
error σ for different states at fixed time. It can be seen
that the inequality of D2W + V2W ≤ 1 is always satisfied
and its bound is saturated when DW is maximized or VW
is maximized. The tradeoff relationD2W+V2W ≤ 1 implies
another equivalent uncertainty relation DW +VW ≤
√
2.
The state that saturates this uncertainty inequality (i.e.,
DW + VW =
√
2) is the minimum-uncertainty state we
named because the uncertainty of the whole informa-
tion of population and coherence is minimal (like the
minimum-uncertainty state in quantum optics where the
uncertainty of coordinate and momentum is minimal and
the uncertainty relation ∆x∆p ≥ ~/2 is saturated). In
the driven two-level system we consider, the minimal un-
certainty state is |Ψ〉 = sin(pi/8)|2〉±cos(pi/8)|1〉 (see Fig.
1(b)).
IV. CONCLUSIONS
In this paper we mainly investigated the duality in
quantum work distribution and gave a fundamental un-
certainty relations of D2W + V2W ≤ 1 between contri-
butions of population and coherence to quantum work
distribution, which leads to a deeper understanding of
the effects of quantum coherence in quantum thermo-
dynamics. Finally, we considered a driven two-level
system and gave the condition of the bound of D2W +V2W . Our discussion above only considered the popu-
lation and coherence of initial state. However, accord-
ing to P(W ) = Tr[MW ρ] = Tr[MWU †(t)ρ(t)U(t)] =
Tr[U(t)MWU †(t)ρ(t)], we can define a new POVM mea-
surement {U(t)MWU †(t)} and divide the state ρ(t) into
coherent and incoherent parts in the eigenbasis of Hamil-
tonian H(λt). Then we can investigate the contributions
of the population and coherence of the energy levels at
any time t, and the results are similar to that of initial
state. It would also be interesting to apply the perspec-
tive of “wave-particle” duality to investigate the bounds
of amount and efficiency of work extraction from quan-
tum coherence, etc.
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